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Abstract: We consider 4d supersymmetric (special) unitary Γ quiver gauge theories on
compact manifolds which are T2 fibrations over S2. We show that their partition functions
are correlators of vertex operators and screening charges of the modular double version of
elliptic Wq,t;q′(Γ) algebras. We also consider a generating function of BPS surface defects
supported on T2 and show that it can be identified with a particular coherent state in the
Fock module over the elliptic Heisenberg algebra.
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1 Introduction
One of the major breakthroughs of the last decade was the discovery that protected sec-
tors of certain supersymmetric gauge theories in various dimensions can be described by
infinite dimensional algebras. This idea goes generically under the name of BPS/CFT
correspondence (see [1–3] for a recent review and developments). Remarkable realizations
of this program are the gauge/Bethe correspondence [4–6], the chiral algebras in 4d or 6d
SCFTs [7, 8], and the AGT correspondence [9, 10] which identifies the S4 partition function
[11, 12] of a wide class of 4d N = 2 theories (class S) [13] with 2d CFT correlators with W
symmetry (Liouville/Toda theories). As a consequence, R4 Nekrasov partition functions
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[14, 15] can be identified with W conformal blocks (see [16] for a recent review). Exploring
possible extensions of the AGT duality is the main motivation for this work.
It has been known for a long time that the AGT correspondence can be q-deformed [17–
20] (see also [21–24] for recent developments). From the gauge theory viewpoint, the
deformation amounts to the 5d lifting, either on S4 × S1, S5 or R4 × S1 [25–27], while
from the 2d CFT perspective it corresponds to the trigonometric deformation of the W
algebra known as Wq,t [28–30]. The q-deformed AGT correspondence can also be studied
in a slightly simplified setup involving 3d N = 2 theories and Wq,t free boson correlators
with finitely many screening charge insertions [31, 32]. By contrast, in the 5d setup one
needs infinitely many of those [24], and the 3d theories can be understood as codimension
2 defects of the parent 5d theories. In [33] is was shown that to any Γ quiver Wq,t(Γ)
algebra of [24] one can associate a 3d N = 2 unitary quiver gauge theory and that there is
a dictionary between observables on the two sides. In particular, Γ determines the gauge
theory quiver, and the Wilson loop generating function
Z =∑
λ
⟨Wbackgroundλ ⟩⟨Wgaugeλ ⟩
can be identified with a highest weight state of the Wq,t(Γ) algebra generated by {Tan, n ∈ Z}
Z ≃ ∣Z⟩ , Tan≥0∣Z⟩∝ δn,0∣Z⟩ ,
where a runs over the nodes of the quiver Γ. This picture holds true not only when the 3d
gauge theory is placed on the flat space R2 × S1, but also on compact spaces M3 such as
S3, L(r,1) = S3/Zr and S2 ×S1. In this case the Wq,t(Γ) algebra is enhanced to its modular
double, meaning that there are two commuting copies of the algebra with SL(2,Z)-related
deformation parameters. This structure nicely reflects the factorization properties of the 3d
gauge theory observables [34, 35], which are in turn consistent with the Heegaard splitting
of M3 into a pair of solid tori D2 ×S1 ≃ R2 ×S1 glued by the appropriate SL(2,Z) element.
Since the 3d gauge theory setup can be naturally lifted to 4d by adding a circle direction
and trigonometric Wq,t(Γ) algebras can be further deformed to elliptic Wq,t;q′(Γ) algebras
[36–39], we are led to study whether the correspondence described above survives. An
affirmative answer was given in [36] for the flat space background R2 × T2, and the goal
of this paper is to analyze the compact spaces M3 × S1. One of the main motivations
for studying the relation between elliptic Wq,t;q′(Γ) algebras and 4d supersymmetric gauge
theories on compact backgrounds is because their partition functions provide important
quantities such as the (superconformal) index when M3 = S3. Knowing the algebraic
structures hidden in the gauge theories may help in having a better understanding of their
intricate web of dualities and their relations with integrable models [40–47].
Similarly to the 3d/trigonometric case, we found that on compact spaces the relevant alge-
bra is the elliptic Wq,t;q′(Γ) modular double, meaning that there are two commuting copies
of the algebra with SL(2,Z) ⊂ SL(3,Z)-related deformation parameters.1 As before, this
1The notion of elliptic modular double has also appeared in [48], following the construction of [49, 50].
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structure nicely reflects the factorization properties of the 4d gauge theory observables
[51–54]. There are important differences with respect to the 3d/trigonometric case though.
Firstly, we needed to introduce the notion of defect generating function since supersymmet-
ric Wilson loops cannot be generally defined. This object can be thought of as encoding
the v.e.v.’s of BPS surface operators supported on T2 ⊂ M3 × S1, and it turns out that
the 2d theories of class H [55] play a crucial role. Secondly, while the Wq,t,q′(Γ) modular
double is defined for any quiver Γ, a satisfactory dual gauge theory description can be given
only for a restricted type of quivers due to anomalies. Lagrangian theories of class S are a
relevant subset.
The rest of the paper is organized as follows. In section 2 we review the observables
of 4d supersymmetric gauge theories which can be computed through localization. In
particular, we will introduce the defect generating function which will be the main object
of interest from the Wq,t;q′(Γ) algebra perspective. In section 3 we review basic facts
about Wq,t;q′(Γ) algebras. In section 4 we introduce the Wq,t;q′(Γ) modular double and the
associated matrix models. In section 5 we establish the relation between gauge theories and
Wq,t;q′(Γ) algebras. In section 6 we discuss our results further, with particular emphasis
on open questions and future developments. In appendix A we have recalled the definition
and properties of the special functions appearing in this paper, and in appendix B we have
briefly discussed the relation between trigonometric and elliptic algebras.
2 Gauge theories on supersymmetric backgrounds
Following the works [56–59], 4d N = 1 gauge theories with an R-symmetry can be put
on curved spaces while preserving some supersymmetry. If we require to preserve at least
two supercharges of opposite R-charge, the allowed manifolds are T2 fibrations over a
Riemann surface. Focusing on the genus zero case, in the following subsections we will
review some aspect of these theories, in particular the computation of supersymmetric
observables through the matrix models obtained from localization (for a comprehensive
review see [60]).
2.1 S3 × S1
A particularly relevant example of supersymmetry preserving compact 4-manifolds is pro-
vided by Hopf surfaces, which are diffeomorphic to S3 × S1. They have an interesting
2-parameter family of complex structures with moduli p, q ∈ C×, 0 < ∣q∣ ≤ ∣p∣ < 1, and the
geometry we are interested in can be defined by the quotient
C2/{(0,0)} ∋ (z1, z2) ∼ (qz1,pz2) . (2.1)
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The partition functions of Lagrangian N = 1 gauge theories with gauge group G2 can be
computed by localization [61], yielding the matrix model3,4
Z[S3 × S1] = e−ipiP3(ln ζ)∮
T∣G∣
dz
2piiz
∆1 vec(z)∆chi(z, ζ) , (2.2)
where
∆1 vec(z) = ∏
α≠0
1
Γ(zα;p, q) , ∆chi(z, ζ) =∏I ∏ρ,φ∈RI Γ((pq)RI/2zρζφ;p, q) (2.3)
are the 1-loop contributions of vector multiplets5 and chirals in representations RI of the
gauge and flavor groups, z and ζ are gauge and global holonomies in the Cartan tori, α is a
root of the Lie algebra of G and ρ,φ are weights of RI . The overall exponent P3 is a cubic
polynomial in the logarithm of the global fugacities. For every U(1) factor in the gauge
group we may also consider a Fayet-Iliopoulos (FI) parameter κ (discretized) contributing
to the integrand with
zκU(1) . (2.4)
The S3 × S1 partition function can also be interpreted as the N = 1 index [62, 63]
Z[S3 × S1]∝ I1 = Tr(−1)F qH1pH2(pq)R2 ζ , (2.5)
where F is the fermion number, H1,2 are the generators for rotations in the z1,2 planes,
R is the R-symmetry and the trace is taken over the Hilbert space of the theory on S3.
By construction, only the states annihilated by a selected supercharge Q contribute to the
index, namely those satisfying {Q,Q†} = E −H1 −H2 − 3R/2 = 0.
There are two specially interesting situations. The first one is when each vector is accom-
panied by an adjoint chiral, so that the multiplet content is that of the N = 2 vector. They
contribute to the integral representation of the index with the 1-loop factor
∆2 vec(z) = ∏
α≠0
Γ(ˆtzα;p, q)
Γ(zα;p, q) , (2.6)
where for later convenience we defined
tˆ = (pq)Rad2 . (2.7)
If the theory is effectively N = 2 then the R-symmetry is at least SU(2)R2 , but we consider
the case when it is SU(2)R2 ×U(1)r1 as for superconformal theories. Then one can turn on
another fugacity t and define the N = 2 (superconformal) index
I2 = Tr(−1)F qH1pH2(pqt−1)−r1tR2ζ , (2.8)
2In this paper we will be only interested in U(N) or SU(N) gauge groups.
3For a collection of variables x = {xk, k = 1, . . . ,N}, we will use the shorthand notation dx2piix =∏Nk=1 dxk2piixk .
4We will always omit constants such as (q; q)∣G∣∞ (p; p)∣G∣∞ /∣Wey∣.
5We are including the Haar measure and gauge fixing contributions.
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where the only contributing states are those satisfying {Q,Q†} = E−H1−H2−2R2+r1 = 0.6
The measure (2.6) can be interpreted from this perspective, in which case tˆ = pqt−1. Of
course, the chiral multiplets must come in pairs forming hypers, which contribute to the
integrand of the index with
∆hyp(z, ζ) =∏
I
∏
ρ,φ∈RI
Γ((pq)1/2tˆ−1/2zρζφ;p, q)
Γ((pq)1/2tˆ1/2zρζφ;p, q) . (2.9)
The second special situation is when the N = 2 vector is accompanied by an adjoint hyper
hence forming the multiplet content of the N = 4 vector. If the theory is effectively N = 4,
the R-symmetry group is SU(4) with Cartan generators r1,2,3 and one can turn on another
fugacity m associated with the N = 2∗ deformation and define the N = 4 index
I4 = Tr(−1)F qH1pH2(pq) r1−r32 tˆr2+r3mr3 , (2.10)
which receives contributions only from the states satisfying {Q,Q†} = E −H1−H2−3r1/2−
r2 − r3/2 = 0. The integrand of index is then
∆4 vec(z) = ∏
α≠0
Γ(ˆtzα;p, q)
Γ(zα;p, q) Γ(mzα;p, q)Γ(ˆtmzα;p, q) . (2.11)
From the N = 1 viewpoint we can treat tˆ,m as additional parameters. The vector contri-
butions ∆1,2,4 vec(z) are part of the measures that we will analyze in the second half of the
paper from the elliptic Wq,t;q′(Γ) algebra perspective.
2.2 Defect generating function
The partition function is the simplest supersymmetric observable and the exact compu-
tation of more sophisticated quantities is desirable. The supersymmetric gauge theories
that we are considering can be enriched by the inclusion of different types of BPS surface
defects supported on a torus [64]. The torus arises from the S1 circle and the Hopf fiber of
the S3, and it can be identified with
T2 ≃ {z1 ∈ C× ∣ z1 ∼ qz1} . (2.12)
Of course, we also have the other choice z2 ∼ pz2, the difference being the location of defect
at the North or South pole of the Hopf base. The surface operators we are interested in can
be more easily defined in the UV by coupling 2d degrees of freedom to the bulk. This can
be done by considering a 2d theory with a global symmetry which is a subgroup of the bulk
gauge group and gauging it. Since we will be interested in computing partition functions
of 4d theories with defects, we must supplement the integrand of the 4d partition functions
with additional 1-loop factors encoding the contribution of the 2d degrees of freedom.
The torus partition function of a 2d theory with N = (2,2) supersymmetry defines the
elliptic genus
I(2,2) = Tr(−1)F qHLyJLζ , (2.13)
6From the N = 1 perspective, R = 2
3
(2R2 − r1).
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where H(L)R, J(L)R are the (left) right-moving Hamiltonian and R-symmetry respectively,
while ζ is an element of the global Cartan torus. The only states contributing are those
satisfying {Q,Q†} = 2HR − JR = 0. In order to couple the 2d degrees of freedom to the
bulk, one has to embed the 2d algebra into the 4d one, which can be achieved through the
identifications [64]
H1 =HL −HR , 4R2 + 2H2 = JL + JR , 2r1 = JL − JR , (2.14)
implying
y = q 12 tˆ−1 . (2.15)
From the 2d perspective there is a global U(1) generated by H2 +R2 and coupling to
ζ = tˆpq−1. If the 2d theory has only N = (0,2) supersymmetry the elliptic genus is
I(0,2) = Tr(−1)F qHLζ . (2.16)
The embedding of the 2d algebra is achieved through the identifications
H1 =HL −HR , 3
2
R +H2 = JR , (2.17)
and now there is a global U(1) generated by H2 +R/2 and coupling to ζ = pq−1/2. InN = (0,2) language, the basic multiplets of a gauge theory with gauge group G2d and
matter in representations R2dI of the 2d gauge and global symmetry groups are vector,
chiral and Fermi multiplets, whose elliptic genera are [65, 66]
Z2dvec(z) = ∏
α≠0 Θ(zα; q) ,
Z2dchi(z, ζ) =∏
I
∏
ρ,φ∈R2dI
1
Θ(zρqHL,Iζφ; q) , Z2dF (z, ζ) =∏I ∏ρ,φ∈R2dI Θ(zρqHL,Iζφ; q) ,
(2.18)
where z and ζ are in the maximal torus of the gauge and global symmetry groups, α is a
root of the Lie algebra of G2d and ρ,φ are weights of R2dI . Given these ingredients we can
now easily couple a defect to the bulk at the North (N) and/or South (S) poles.
Let us now suppose that the 4d gauge group is G = ⨉aU(Na).7 Instead of coupling a
specific defect, it is convenient to define the defect generating function which depends on a
set of Miwa or time variables τai=N,S, that is
Z[S3 × S1]({τa0,i, τai }) = eN0(τ0,i)∮T∣G∣ dz2piiz ∆4d(z)∏a exp⎛⎝− Na∑j=1 ∑n≠0 τ
a
n,iz
n
j,a
n(1 − qni )⎞⎠ , (2.19)
where eN0(τ0,i) is a normalization and ∆4d(z) denotes one of the 4d measures we have
discussed before. For later convenience we have also defined
qi=N = q , qi=S = p . (2.20)
7We can consider SU(Na) groups by imposing a δ-function constraint on the U(Na) gauge variables.
SU(Na) groups may actually be needed to avoid anomalies, we will discuss this point later on in section 5.
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The reason is that the defect generating function is a quite general object since it encodes
all the observables which can be computed through Coulomb branch localization, and this
is the kind of object that we will study from the elliptic Wq,t;q′ algebra perspective in later
sections. In order to substantiate this claim we give two relevant examples. Firstly, the
inclusion of a 4d U(Na) (anti-) fundamental chiral multiplet with global U(1) fugacity ζ
simply amounts to shifting the time variables by the following background
◻ ∶ τan,N,S → τan,N,S − ζn1 − qnS,N , ◻¯ ∶ τan,N,S → τan,N,S + p
nqnζ−n
1 − qnS,N , n ≠ 0 . (2.21)
The appearance of the opposite rotational fugacity qS,N in the denominator means that
we are correctly considering bulk degrees of freedom. Secondly, we can couple 2d (anti-)
fundamental chiral and/or Fermi multiplets with global U(1) fugacity ζ at the North and/or
South poles by considering the backgrounds
◻ ∶ τan,i → τan,i ∓ ζn , ◻¯ ∶ τan,i → τan,i ∓ qni ζ−n , n ≠ 0 . (2.22)
The coupling of more complicated defects can be achieved by acting with suitable operators
on the generating function. See also [64, 67, 68] for a closely related discussion.
It may seem that the generating function is only a useful tool without a clear gauge theory
interpretation. Actually, we can try to relate it to the generating function (and hence the
origin of its name) of v.e.v.’s of a wide class (complete in the sense to be clarified below)
of defect theories supported on T2. The idea is to find a suitable family of BPS defect
operators Diλ characterized by a discrete label λ and a global symmetry group such that
their values in a given supersymmetric background
⟨Diλ⟩ζ,v = dλ(ζ, v; qi) (2.23)
are complete ∑
λ
dλ(ζ, v; qi)∨dλ(φ,u; qi) =∏
j,k
Θ(φjζk; qi)
Θ(φjuk; qi)Θ(ζkvj ; qi) , (2.24)
where ζ, v, φ, u are fugacities for global symmetries and ∨ is some dual operation. If we now
interpret the r.h.s. as the 1-loop determinant of a bunch of free chiral and Fermi multiplets,
we can couple them to the U(Na) node of the 4d bulk theory by gauging φ for instance,
assuming j = 1, . . . ,Na. The partition function of the resulting 4d-2d coupled system is
Z[S3 × S1](ζ, v;u) = 1∏j,k Θ(ζkvj ; qi) ∮T∣G∣ dz2piiz ∆4d(z) Na∏j=1∏k Θ(ζkzj,a; qi)Θ(ukzj,a; qi) . (2.25)
Using the expansion ∏
k
Θ(xk; qi) = exp(−∑
n≠0
∑k xnk
n(1 − qni )) , (2.26)
we can introduce Miwa variables for ζ, u
τan,i =∑
k
ζnk , η
a
n,i =∑
k
unk , (2.27)
– 7 –
and find that
eN0(τ0,i) ∏
j,k
Θ(ζkvj ; qi) Z[S3 × S1](ζ, v;u) =
= eN0(τ0,i) ∏
j,k
Θ(ζkvj ; qi)∑
λ
dλ(ζ, v; qi)∨∮
T∣G∣
dz
2piiz
∆4d(z) dλ(za, u; qi) =
= Z[S3 × S1]({τa0,i, τai − ηai }) , (2.28)
coinciding with the generating function (2.19) with a background −ηa
i
for the time variables.
Finally, assuming that the defect v.e.v.’s are orthogonal w.r.t. some integral measure
∮ [dφ] dλ′(φ,u) dλ(φ,u)∝ δλ,λ′ , ∮ [dv] dλ′(ζ, v)∨ dλ(ζ, v)∨ ∝ δλ,λ′ , (2.29)
one can in principle extract the v.e.v. of Diλ in the 4d gauge theory by projection⟨Diλ⟩u = ∮T∣G∣ dz2piiz ∆4d(z) dλ(za, u; qi)∝ ∮ [dv] dλ(ζ, v)∨ Z[S3 × S1](ζ, v;u) . (2.30)
However, this formal reasoning must be finalized by the actual definition of the observablesDiλ, if there is any. In order to get an intuition about the solution to this problem, it is
useful to consider first the simpler setup given by the dimensionally reduced 3d theory
on the squashed S3 [69–72]. In this case we can consider supersymmetric Wilson loop
operators W iλ wrapping the Hopf fiber at North and/or South poles of the base. In a given
supersymmetric background, the operators are given by Schur polynomials or characters
of the relevant unitary group [73, 74]⟨W iλ⟩ζ = sλ(ζ) , (2.31)
where ζ = e 2piiωi Ξ is a fugacity and Ξ is a constant vector multiplet scalar in the Cartan
algebra, λ is a Young diagram associated to an arbitrary representation and ωi=1,2 are
the (imaginary) squashing parameters of the S3, which are related to the q,p parameters
according to
qi=N = q = e2piiω1ω3 , qi=S = p = e2piiω2ω3 , (2.32)
ω3 being the inverse S1 radius. As is well known, these line operators/characters satisfy
completeness and orthogonality relations, and the Wilson loop generating function was the
main object studied in [33]. Since we are looking for the S1 lift of this picture, in the 4d
setup it is natural to consider the insertion of (normalized) affine characters into the S3×S1
partition function. Now the problem is to understand how and if these objects are related
to torus defects. Remarkably, the 2d defect theories we are interested in do indeed exist
and they were constructed in [55]. These theories are called class H and can be defined by
(twisted) compactifications of the 6d (2,0) theory on “internal” 4-manifolds Mint4 , hence
denoted by T [Mint4 ]. When Mint4 is obtained from the resolution of an ADE singularity,
this construction allows one to define a family of 2d N = (0,2) theories labeled by the
corresponding Lie algebra g and an integrable representation λ of the affine Lie algebra
gˆ at level M .8 Here we are assuming that the “internal” 4d gauge group is U(M), and
8More generally, the Dynkin diagram should be replaced by the plumbing graph of Mint4 .
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we are interested in the simplest cases g ∈ {u, su}. The elliptic genus of a class H theory
computes the Vafa-Witten partition function [75] of the associated 4-manifold and equals
the affine character
I(0,2)[T [g, λ,U(M)]] = χgˆMλ (ζ; qi) . (2.33)
Here the global 2d fugacity ζ appears as an element of the maximal torus of g. The affine
characters satisfy the completeness and orthogonality relations [55]
∑
λ
χ
sˆu(M)N
λ∨ (ζ; qi)χuˆ(N)Mλ (φ; qi) = q−NM24i N∏
j=1
M∏
k=1 Θ(−q1/2i ζkφj ; qi) , (2.34)
∮ dNφ
2piiφ
∏
j≠`Θ(φ`/φj ; qi) χuˆ(N)Mλ (φ; qi) χuˆ(N)Mλ′ (φ; qi)∝ δλ,λ′ , (2.35)
from which one can deduce that the observables we are interested in are given by
dλ(za, u; qi) = χuˆ(Na)Mλ (za; qi)
q
−NaM/48
i ∏Naj=1∏Mk=1 Θ(zj,auk; qi) ,
dλ(ζ, v; qi)∨ = χsˆu(M)Naλ∨ (ζ; qi)
q
−NaM/48
i ∏Naj=1∏Mk=1 Θ(ζkvj ; qi) ,
(2.36)
and that the dual operation ∨ corresponds to exchanging level/rank u(Na)M → su(M)Na
and transposing the diagram λ→ λ∨. Also, the measure (2.29) becomes
[dφ] = dNφ
2piiφ
∏
j≠`Θ(φ`/φj ; qi)
N∏
j=1
M∏
k=1 Θ(φjuk; qi)2 . (2.37)
2.3 Other spaces and factorization
As we have already mentioned, 4d N = 1 theories can be defined on other spaces in addition
to S3 × S1. In this section we will briefly extend the previous discussion to L(r,1)× S1 and
S2 × T2. Partition functions on these spaces were computed in [76–80], and for unitary
gauge groups they take a form similar to (2.2)
Z[L(r,1) × S1] = ∑
`∈Z∣G∣r ∮T∣G∣
dz
2piiz
∆L(r,1)×S1(z, `, ζ, h) , (2.38)
Z[S2 ×T2] = ∑
`∈Z∣G∣∮J.K. dz2piiz ∆S2×T2(z, `, ζ, h) , (2.39)
where we have included the zero-point energies in the definition of the total measures and
J.K. denotes the Jefferey-Kirwan residue prescription. As before, the continuous variables
z = e2piiX and ζ = e2piiΞ denote the gauge and background holonomies along S1 or T2, while
the discrete variables ` and h parametrize gauge and background holonomies along the non-
contractible circle of L(r,1) or fluxes through S2. The partition function on L(r,1) × S1 is
– 9 –
⇥⇥ ⇥
⇥
M3 ⇥ S1
 g·
D2⌧ D2⌧
T2  T2 
=
Figure 1. Decomposition of M3 × S1. The g ∈ SL(2,Z) ⊂ SL(3,Z) action is on all the geometric
and bundle moduli.
also proportional to the so-called lens index, and at r = 1 one recovers the S3×S1 geometry
and the results discussed in the previous subsection. A peculiarity of the S2×T2 background
is that there is a unit flux for the R-symmetry and hence the R-charges must be integers.
The 3d limit of the S2×T2 partition function coincides with the A-twisted index [81], while
the traditional 3d index [82, 83] can be obtained from the r →∞ limit of the lens index.
The partition functions associated to the different compact spaces M3 × S1, with M3 ∈{S3,L(r,1),S2 × S1}, look very different. However, they can be recovered by a gluing
prescription of 1-loop determinants of the theory defined on the half-space D2 × T2 [54],
which are given by
Υvec(w) = ∏
α≠0
1
Γ(wα; qτ , qσ) ,
ΥNchi(w) =∏
I
∏
ρ,φ∈RI Γ(wρξφ; qτ , qσ) , ΥDchi(w) =∏I ∏ρ,φ∈RI 1Γ(qτw−ρξ−φ; qτ , qσ) ,
(2.40)
where N and D denote Neumann or Dirichlet type boundary conditions and w,ξ are el-
ements of the maximal torus of the gauge and global symmetry groups respectively. As
before, α is a root of the Lie algebra of the gauge group and ρ,φ are weights of the matter
representations RI . The fugacities
qτ = e2piiτ , qσ = e2piiσ (2.41)
encode the fibration moduli, namely τ is the disk equivariant parameter9 and σ the torus
modular parameter, which can be in turn identified with the moduli of the boundary T3.
Given the total 1-loop determinant Υ(w; τ, σ) of the theory on the half-space, the compact
space integrands are given by
∆M3×S1(z, `, ζ, h) = e−ipiP3(X,Ξ) Υ(w; τ, σ)(−g) Υ(w; τ, σ) , (2.42)
where (−g) is an involution acting on the half-space variables w,ξ, τ, σ as the appropriate
g ∈ SL(2,Z) ⊂ SL(3,Z) element (composed with the inversion, see e.g. figure 1). The
9We hope there will be no confusion between the equivariant parameter τ and the time variables τan .
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exponent P3(X,Ξ) is a cubic polynomial of its arguments, and it turns out to encode the
various gauge, mixed-gauge and global anomalies. On geometrical grounds, the g element
should be
S3 × S1 L(r,1) × S1 S2 ×T2
g S = (0 −1
1 0
) ST rS = (−1 0
r −1) id = (1 00 1) , (2.43)
and in fact the g action can be summarized in the following tables:
w ξ w(−g) ξ(−g)
L(r,1) × S1 e2piiXe 2piir ` e2piiΞe 2piir h e−2piig⋅Xe− 2piir g⋅` e−2piig⋅Ξe− 2piir g⋅h
S2 ×T2 e2piiXe−ipiτ` e2piiΞe−ipiτ` e−2piig⋅Xe−ipig⋅τ` e−2piig⋅Ξe−ipig⋅τ`
−g ⋅ τ −g ⋅ σ −g ⋅X −g ⋅Ξ −g ⋅ ` −g ⋅h
L(r,1) × S1 τrτ−1 σrτ−1 Xrτ−1 Ξrτ−1 r − ` r −h
S2 ×T2 −τ −σ X Ξ ` h
.
(2.44)
Notice that we have not explicitly included S3×S1 in the list because for our purposes it will
be more convenient to regard S3 as L(1,1). This is not in contradiction with the statement
that the S3 ×S1 1-loop integrand can be obtained by fusing two Υ(w; τ, σ) kernels through
the S element, we simply have to identify τ ∼ τ + 1. For this reason, we will sometimes
refer to the STS element as S′ in order to emphasize that we are considering the S3 × S1
geometry. Also, in the case of L(r,1) × S1 there is another convenient parametrization of
the fibration moduli and g action. If we set
qτ = e2pii ωrω1 , qσ = e−2pii ω3rω1 , ω = ω1 + ω2 , (2.45)
and rescale X → X/rω1, Ξ → Ξ/rω1, then the −g action simply exchanges ω1 ↔ ω2 for
any r. Geometrically, when ω1,2 are imaginary and positive they can be identified with the
squashing parameters of L(r,1), while a real positive ω3 can be identified with the inverse
of the S1 radius. In particular, for r = 1 we have the identification (2.32) of parameters
w.r.t. the previous subsection.
It is important to observe that the presence of the cubic polynomial P3(X,Ξ) in (2.42)
spoils the complete factorizability of the compact space integrand and large gauge invari-
ance. However, when all the gauge and mixed-gauge anomalies vanish P3(X,Ξ) is simply
a constant, so that the whole integrand can be neatly factorized
∆M3×S1(z, `, ζ, h)∝ Υ(w, ξ; τ, σ)(−g) Υ(w, ξ; τ, σ) . (2.46)
This is an important point and we will come back to this problem in section 5. Moreover,
if the theory on D2 × T2 has isolated massive vacua only, which are in correspondence
with the minima of the effective twisted superpotential Weff(w) = − limτ→0 τ ln Υ(w; τ, σ),
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the whole compact space partition function is expected to factorize into holomorphic/anti-
holomorphic blocks
Z[D2 ×T2]∝ ∑
γ∈vacuaBγ(ξ; τ, σ)(−g) Bγ(ξ; τ, σ) , (2.47)
where Bγ(ξ; τ, σ) = ∮
γ
dw
2piiw
Υ(w; τ, σ) (2.48)
is the block integral representation of the D2 × T2 partition function. This parallels the
3d setup discussed in [35]. Also, this result was checked in a few cases by brute force
computations [51–54], and the Wq,t;q′(Γ) interpretation that we will give in the following
sections indeed confirms that it should be generally valid.
Following the same reasoning as in the previous subsection, the theory on the half-space
can be enriched by the inclusion of 2d defects supported on T2, and the defect generating
function reads
Bγ({τa0 , τa}; τ, σ) = eN0(τ0)∮
γ
dw
2piiw
Υ(w; τ, σ)∏
a
exp
⎛⎝− Na∑j=1 ∑n≠0 τ
a
nw
n
j,a
n(1 − qnσ)⎞⎠ . (2.49)
Since block integrals appear as elementary objects in the study of compact space partition
functions, in the following section we will review their Wq,t;q′(Γ) algebra construction [36].
3 Elliptic Wq,t;q′ algebras
The elliptic deformation of the W (A1) (Virasoro) algebra was introduced in [36] and gen-
eralized to arbitrary quiver diagrams in [38]. Let us start by recalling some algebraic
definitions from [38]. A quiver Γ is a collection of nodes Γ0 and arrows Γ1 (see figure 2 for
an example). Given two nodes a, b ∈ Γ0 and arrows Γ1 ∋ e ∶ a→ b, we can associate to Γ the
a b
e
Figure 2. Portion of a quiver Γ. We explicitly displayed two nodes a, b ∈ Γ0, an arrow e ∈ Γ1 from
a to b, and several arrows with source or target in a or b.
deformed Cartan matrix Cab ∈ ∣Γ0∣ × ∣Γ0∣ (not necessarily associated to a Lie algebra)
Cab = (1 + p−1)δab − ∑
e∶b→aµ−1e − p−1 ∑e∶a→bµe , (3.1)
and two commuting root-type Heisenberg algebras (we show non-trivial relations only)
[s(±)a,n , s(±)b,m] = ∓ 1 − t∓nn(1 − q∓n)(1 − q′±n)C[±n]ab δn+m,0 , n,m ∈ Z/{0} , [sa,0, s˜b,0] = βC[0]ab ,
(3.2)
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where {q, t = qβ, p = qt−1, q′, µe} ∈ C10,11, while the [n] operation means replacing each
parameter with its nth power, for instance
C
[n]
ab = (1 + p−n)δab − ∑
e∶b→aµ−ne − p−n ∑e∶a→bµne . (3.3)
We next define the screening current
Sa(w) = ∶ e∑n≠0(s(+)a,nw−n+s(−)a,nwn) ∶ wsa,0es˜a,0 , (3.4)
where the normal ordering symbol ∶ ∶ means moving all non-positive modes to the left.
The elliptic Wq,t;q′(Γ) algebra generated by {Tan, a ∈ Γ0, n ∈ Z} can now be defined as the
commutant of the screening charges Ja in the Heisenberg algebra, namely
Ja = ∮ dw
2piiw
Sa(w) , [Tan, Jb] = 0 ⇔ [Tan,Sb(w)] = δab (Obn(qw) −Obn(w)) , (3.5)
for some operator Obn(w) and integration contour. For the explicit form of Obn(w) see
e.g. [38]. The generating current Ta(w) = ∑n∈ZTanw−n can be computed by means of the
operator
Ya(w) = ∶ e∑n≠0(y(+)a,nw−n+y(−)a,nwn) ∶ tya,0−ρ˜a , ρ˜a = ∑
b∈Γ0 (C−1)[0]ab , (3.6)
where we have introduced the weight-type basis of the Heisenberg algebras defined by
[y(±)a,n , s(±)b,m] = ∓ 1 − t∓nn(1 − q′±n)δn+m,0δab , [ya,0, s˜b,0] = [sa,0, y˜b,0] = δab ,
y(±)a,n = (1 − q∓n) (C−1)[±n]ab s(±)b,n , ya,0 = β−1 (C−1)[0]ab sb,0 , s˜a,0 = y˜b,0βC[0]ba .
(3.7)
The simplest example is provided by the single node quiver, in which case
T(w) = Y(w) +Y(p−1w)−1 . (3.8)
We refer to [38] for the general construction. There is also a natural class of vertex operators
given by
Va(x) = ∶ e−∑n≠0( x−n(1−t−n)(1−qn) y(+)a,n+ xn(1−tn)(1−q−n) y(−)a,n) ∶ , Ha(x∣u) = ∶ Va(x)Va(x/qu)−1 ∶ ,
(3.9)
of which we might eventually be interested in computing correlation functions.
3.1 Matrix models
In this subsection we consider the matrix models which arise from Wq,t;q′(Γ) algebras.12
These models are constructed by acting with an arbitrary number of screening charges on
the charged Fock module Fα generated by the vacuum state ∣α⟩ defined by
s(±)a,n ∣α⟩ = 0 , n > 0 , ∣α⟩ = e∑a αay˜0,a ∣0⟩ , sa,0∣α⟩ = αa∣α⟩ . (3.10)
10To compare with [38] we have to set (q)here = (q2)there, (t)here = (q−11 )there, (q′)here = (p)there.
11The region of the parameter space may be restricted to ensure convergence of various expressions.
12Another elliptic deformation of 2d CFT matrix models was proposed in [84].
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For later convenience we also recall that the dual Fock module is generated by ⟨α∣, where
⟨α∣s(±)a,−n = 0 , n > 0 , ⟨α∣ = e−∑a αay˜0,a⟨0∣ , ⟨α∣sa,0 = αa⟨α∣ , ⟨α∣α′⟩ = δα,α′ . (3.11)
The resulting Fock state is (the product is over increasing indexes from left to right)
Z∣α⟩ = ∮ dw
2piiw
∣Γ0∣∏
a=1
Na∏
j=1Sa(wa,j)∣α⟩ . (3.12)
A simple normal ordering computation yields
Sa(wa,j)Sb(wb,k) = ∶ Sa(wa,j)Sb(wb,k) ∶ ×
×∆(a)node (wa,kwa,j )
δab
∆
(a)
self (wa,kwa,j )
δab
∆
(ab)
off (wb,kwa,j )
1−δab
w
−βC[0]
ba
b,k , (3.13)
where
∆
(a)
node(w) = Γ(tw; q, q′)Γ(tw−1; q, q′)Γ(w; q, q′)Γ(w−1; q, q′) Θ(tw−1; q)Θ(w−1; q) , (3.14)
∆
(a)
self(w) = ∏
e∶a→a
Γ(µew; q, q′)Γ(µew−1; q, q′)
Γ(tµew; q, q′)Γ(tµew−1; q, q′) Θ(µew−1; q)Θ(tµew−1; q) , (3.15)
∆
(ab)
off (w) = ∏
e∶a→b
Γ(µew; q, q′)
Γ(tµew; q, q′) ∏e∶b→a Γ(qt
−1µ−1e w; q, q′)
Γ(qµ−1e w; q, q′) . (3.16)
These functions determine the matrix model measure. Let us introduce
∆
(a)
E (wa)= ∏
1≤j≠k≤Na
Γ(twa,k/wa,j ; q, q′)
Γ(wa,k/wa,j ; q, q′) , ∆(a)loop(wa)= ∏e∶a→a ∏1≤j≠k≤Na Γ(µewa,k/wa,j ; q, q
′)
Γ(tµewa,k/wa,j ; q, q′) ,
(3.17)
and the q-constants13
c
(a)
β (wa, µ; q)= ∏
1≤j<k≤Na (wa,jwa,k )
β
Θ(tµwa,j/wa,k; q)
Θ(µwa,j/wa,k; q) , C(a)β (wa; q)= c
(a)
β (wa,1; q)∏e∶a→a c(a)β (wa, µe; q) .
(3.18)
Then the state (3.12) takes the form
Z∣α⟩ = ∮ dw
2piiw
∆m.m.(w) ∏
a
∏
j
w
−β((Na−1)C[0]aa2 +∑a>bC[0]ab Nb)
a,j ∶∏
a
∏
j
Sa(wa,j) ∶ ∣α⟩ , (3.19)
where the matrix model measure is
∆m.m.(w) = C(a)β (wa; q)∆(a)E (wa)∆(a)loop(wa)∏
a<b∏j,k ∆(ab)off (wb,kwa,j ) . (3.20)
13This means that the function is invariant w.r.t. the shift wa,j → qwa,j , i.e. it’s an elliptic function.
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Introducing the time representation
s
(±)
a,−n ≃ ∓ τa±n
n(1 − q′±n) , sa,n ≃ 1 − t∓n1 − q∓nC[±n]ab ∂∂τ b±n , n > 0
y˜a,0 ≃ τa0 , sa,0 ≃ ∂∂τa0 , ∣0⟩ ≃ 1
, (3.21)
we arrive at the more conventional form of the matrix model
Z∣α⟩ ≃ Z({τa0 , τa}) = eN0({τa0 })∮ dw2piiw ∆m.m.(w) e∑a∑Naj=1 V (a)(wa,j ∣τa) , (3.22)
where we identified the state
∏
a
∏
j
w
−β((Na−1)C[0]aa2 +∑a>bC[0]ab Nb)
a,j ∶∏
a
∏
j
Sa(wa,j) ∶ ∣α⟩ (3.23)
with the exponential of the total matrix model potential given by
V (a)(w∣τa) = αˆa lnw −∑
n≠0
τanw
n
n(1 − q′n) . (3.24)
Here we set
αˆa = αa + β(∑
b
C
[0]
ab Nb − (Na − 1)C[0]aa2 −∑a>bC[0]ab Nb) , (3.25)
and defined the overall normalization
N0({τa0 }) =∑
a
τa0 (αa + β∑
b
C
[0]
ab Nb) . (3.26)
It is worth noting that the matrix model can be enriched by the inclusion of additional
vertex operators, for instance of the type (3.9). Their OPE with the screening current is
Va(x)Sb(w) = ∶ Va(x)Sb(w) ∶ Γ(w/x; q, q′) , (3.27)
and hence their contribution to the potential is equivalent to the shift
V (a)(w∣τa)→ V (a)(w∣τa) +∑
n≠0
x−nwn
n(1 − qn)(1 − q′n) , (3.28)
corresponding to the following background for the time variables
τan → τan − x−n1 − qn . (3.29)
The Wq,t;q′(Γ) construction of the matrix model (3.22) allows us to write down a set of
Ward identities that it has to satisfy. Here will give an explicit example based on the
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elliptic Virasoro (Wq,t;q′(A1)) matrix model. In order to do so, we act with the elliptic
Virasoro current (3.8) on the state (3.19) with ∣Γ0∣ = 1, yielding
T(p1/2z)Z∣α⟩ = ∑
σ=±∮ dw2piiw Cβ(w; q)∆E(w)∏j w−β(N−1)j ∏j fσ(wj/z)×
× ∶ Y(pσ/2z)σ∏
j
S(wj) ∶ ∣α⟩ , (3.30)
where
fσ(wj/z) = Θ(p−σ/2wj/z; q′)σ
Θ(t−1p−σ/2wj/z; q′)σ . (3.31)
Using the time representation (3.21), at the level of the matrix model (3.22) we have
T (p1/2z)Z(τ0, τ) = eN0(τ0)∮ dw
2piiw
∆m.m.(w)⎛⎝∑σ=± eYσ(z∣τ0,τ) N∏j=1 fσ(wj/z)⎞⎠ e∑Nj=1 V (wj ∣τ) ,
(3.32)
where the differential operator T (z) is the time representation of elliptic Virasoro current,
and Yσ(z∣τ0, τ) is the potential arising from the non-positive modes of Y(pσ/2z)σ. Similar
Ward identities for general Wq,t;q′(Γ) matrix models can in principle be derived using the
explicit expression of the algebra generators given in [38].
4 Elliptic Wq,t;q′ modular double
In this section we show that when the deformation parameters of two independent elliptic
Wq,t;q′(Γ) algebras are related by SL(2,Z) ⊂ SL(3,Z) transformations, it is possible to
combine them into a bigger algebra which we will call the elliptic modular double. The
two independent commuting sectors will be also referred to as chiral sectors, in analogy
with the usual 2d CFT terminology. In order to avoid possible confusion, we will use the
index i = 1,2 to exclusively denote the two chiral sectors and nothing else.
The construction essentially parallels [33], so we will simply recall the main ideas. Given
two commuting elliptic algebras Wq,t;q′(Γ)i=1,2 we have the associated screening currents
Sa(w)i defined by (3.5)
[Tan,i,Sb(w)i′] = δii′δab (On(qiw)i −On(w)i) . (4.1)
Let us now parametrize the positions through
(w)i = e 2piiωi X , (4.2)
and let us tentatively define the operator
Sa(X) = Sa(w)1 ⊗ Sa(w)2 = ⊗i=1,2[Sa(w)i]−[Sa(w)i]+[Sa(w)i]0 , (4.3)
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where [ ]±,0 denotes the positive/negative oscillator parts and the zero modes respectively.
In general, this operator is not a screening current for any Wq,t;q′(Γ)i since
[Tan,1,Sb(X)] = δab (Obn(q1w)1 −Obn(w)1)⊗ Sb(w)2 ≠ total difference , (4.4)
and similarly for the other sector. However, in the special case when
qi = e2pii ωωi , q′i = e−2piiω3ωi , ti = e2piiβ ωωi , µe,i = e2piiMeωi , ω = ω1 + ω2 , (4.5)
we see that, if we assume ωi-periodicity in the i
th chiral sector, we could write
[Tan,1,Sb(X)] = δab (Obn(ω2 +X) −Obn(X)) = total difference , (4.6)
with Obn(X) = Obn(w)1⊗Sb(w)2, and similarly for the other sector. The only obstruction to
this reasoning is given by the non-trivial monodromy of the zero modes [Sb(w)i]0 = (w)s0,b,ii
under the shift X →X +ωi. Here we propose the following solution, also mentioned in [33]
without giving the details. We replace the zero mode part in the definition (4.3) with the
following operator14
[Sa(w)i]0 Ð→ Θ((w)i q−s0,a,ii ; qi)
Θ((w)i; qi)Θ(q−s0,a,ii ; qi) , (4.7)
which does not change the fundamental property (4.1) because
(w)−s0,a,ii Θ((w)i q−s0,a,ii ; qi)
Θ((w)i; qi)Θ(q−s0,a,ii ; qi) = qi-constant , (4.8)
namely this combination is invariant w.r.t. X → X + ωi. However, now there are no
monodromies and Sa(X) is a simultaneous screening current for both Wq,t;q′(Γ)i=1,2. We
can call the resulting algebra W gq,t;q′(Γ) for short, with g = S′ = STS in this case. The name
arises from the fact that in the given parametrization the two chiral sectors are related by
ω1 ↔ ω2, and if we reparametrize
τ = ω
ω1
, σ = −ω3
ω1
, (4.9)
and rescale X/ω1 → X, Me/ω1 → Me, then the exchange ω1 ↔ ω2 corresponds to the
S′ ∈ SL(2,Z) ⊂ SL(3,Z) action we already encountered in section 2
− S′ ∶ τ ↦ 1
τ − 1 , −S′ ∶ σ ↦ στ − 1 , −S′ ∶Me ↦ Meτ − 1 , −S′ ∶X ↦ Xτ − 1 . (4.10)
14We can define this operator through the series expansion Θ(wx;q)
Θ(w;q)Θ(x;q) = 1(q;q)2∞ ∑n∈Z xn1−wqn .
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In fact, it turns out that this construction can be extended to other SL(2,Z) ⊂ SL(3,Z)
elements. The parameters in the 1st and 2nd chiral sectors are
i = 1 WST rSq,t;q′ (Γ) W idq,t;q′(Γ) i = 2 WST rSq,t;q′ (Γ) W idq,t;q′(Γ)
q1 e
2piiτ q2 e
−2piig⋅τ
q′1 e2piiσ q′2 e−2piig⋅σ
t1 e
2piiβ1τ t2 e
−2piiβ2g⋅τ
µe,1 e
2piiMe µe,2 e
−2piig⋅Me
(w)1 e2piiXe 2piir ` e2piiXe−ipiτ` (w)2 e−2piig⋅Xe− 2piir g⋅` e−2piig⋅Xe−ipig⋅τ`
, (4.11)
and the gluing is according to the following g ∈ SL(2,Z) ⊂ SL(3,Z) action (r ∈ Z>0)
WST
rS
q,t;q′ (Γ) W idq,t;q′(Γ)−g ⋅ τ τrτ−1 − τ−g ⋅ σ σrτ−1 − σ
β2 β1 − β1−g ⋅Me Merτ−1 Me−g ⋅ (X, `) ( Xrτ−1 , r − `) (X, `)
. (4.12)
Summarizing, the W gq,t;q′(Γ) screening currents are given by
Sa(X) = ∑`∈F⊗i=1,2[Sa(w)i]−[Sa(w)i]+ Θ((w)i q
−s0,a,i
i ; qi)
Θ((w)i; qi)Θ(q−s0,a,ii ; qi) , (4.13)
where F = (∅,Zr,Z) for g = (S′, ST rS, id) respectively. Also, the modular double version
of the vertex operators (3.9) for g = S′ is
Va(χ) = Va(x)1 ⊗Va(x)2 , Ha(χ∣U) = ∶ Va(χ)Va(χ − ω −U)−1 ∶ , (4.14)
where we have defined (x)i = e2pii χωi , (u)i = e2pii Uωi . (4.15)
A similar definition can be given for the other elements.
4.1 Matrix models
Given the screening current (4.13) it is possible to build the associated matrix model. Since
everything parallels what we have already discussed in subsection 3.1 for a single chiral
copy, we will be brief. The matrix model of the modular double is constructed by acting
with an arbitrary number of screening charges on the Fock module Fα generated by the
vacuum state ∣α⟩ defined by
s
(±)
a,n,i∣α⟩ = 0 , n > 0 , ∣α⟩ = e∑a αay˜0,a,i ∣0⟩ , sa,0,i∣α⟩ = αa∣α⟩ , i = 1,2. (4.16)
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For later convenience we also recall that the dual Fock module is generated by ⟨α∣, where⟨α∣s(±)a,−n,i = 0 , n > 0 , ⟨α∣ = ⟨0∣e−∑a αay˜0,a,i , ⟨α∣sa,0,i = αa⟨α∣ , ⟨α∣α′⟩ = δα,α′ , i = 1,2 .
(4.17)
The resulting Fock state is (the product is over increasing indexes from left to right)
Zg ∣α⟩ = ∫ dX ∣Γ0∣∏
a=1
Na∏
j=1Sa(Xa,j)∣α⟩ . (4.18)
Using (3.22) we can conclude that this state yields the matrix model
Zg({τa0,i, τai }) = e∑i=1,2N0({τa0,i}) ∑{`∈FNa}∫ dX ∆g(X, `) e∑i=1,2∑a∑Naj=1 V(a)i (Xa,j ,`a,j ∣τai ) ,
(4.19)
where the measure is given by the product of two copies of the measure (3.20) related by
the g ∈ SL(2,Z) ⊂ SL(3,Z) action given in tables (4.11), (4.12)
∆g(X, `) = ∆m.m.(w)(−g)∆m.m.(w) , (4.20)
while the potential is given by
V(a)i (X, `∣τai ) = αˆa ln(w)i −∑
n≠0
τan,i(wn)i
n(1 − q′ni ) . (4.21)
In this computation, we used the modular properties (A.4), (A.5), (A.6) of Θ functions to
deal with the terms coming from the zero modes. Following the discussion of subsection
3.1, we can also conclude that the matrix model (4.19) will satisfy two independent sets of
Ward identities related by g ∈ SL(2,Z) ⊂ SL(3,Z).
In the next section we will discuss the relationship between elliptic Wq,t;q′(Γ) matrix models
and gauge theory partition functions from section 2.
5 Gauge/Wq,t;q′ correspondence
The similarities between tables (2.44) and (4.11), (4.12) upon suitable identification of
parameters is no coincidence. In this section we show that the (chiral) elliptic Wq,t;q′(Γ)
matrix model (3.22) reproduces the holomorphic blocks and generating function of an
associated gauge theory on the half-space D2×T2, while the elliptic W gq,t;q′(Γ) matrix model
(4.19) reproduces the partition function and generating function of the gauge theory on the
compact space M3 × S1 obtained from D2 ×T2 through the g ∈ SL(2,Z) ⊂ SL(3,Z) gluing.
5.1 Half-space/chiral matrix model
As discussed in subsection 2.3, 4d holomorphic blocks can be interpreted as gauge theory
partition functions on D2×T2. For a gauge group G, they can be given in terms of contour
integrals of a meromorphic kernel along a middle dimensional cycle γ ⊂ (C×)∣G∣
Bγ(ξ; τ, σ) = ∮
γ
dw
2piiw
Υ(w; τ, σ) , (5.1)
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where ξ are fugacities for global symmetries and τ , σ are the disk equivariant parameter
and torus modulus respectively. In order to establish a connection with elliptic Wq,t;q′(Γ)
algebras we have to restrict to unitary or special unitary gauge groups. For simplicity, let us
start by discussing the first possibility, in which case we have G = ⨉aU(Na). The integral
kernel depends on the specific theory and can be assembled using the elementary building
blocks given in (2.40). We will consider a theory with N = 2 multiplet content (super-
potential couplings may be more general). Upon suitable identification of parameters, it
is not difficult to recognize in the elliptic matrix model measure (3.20) the total integral
kernel of a gauge theory whose quiver diagram is dictated by the quiver Γ of the algebra
Υ(w; τ, σ) = ∆m.m.(w) . (5.2)
In particular, the number Na of screening currents of each kind is identified with the rank
  quiver
bif
ad
a Na
4d quiver
Figure 3. Portion of a Γ quiver (left) and the associated gauge theory quiver (right).
of the gauge group associated to the node a ∈ Γ0 and the w coordinates of the screening
currents with the gauge variables. Each node a ∈ Γ0 is associated to a U(Na) vector
multiplet together with an adjoint chiral (in fact, one N = 2 vector) whose contribution to
the kernel is
Υ(a)vec(wa) = ∏
1≤j≠k≤Na
Γ(tawa,j/wa,k; qτ , qσ)
Γ(wa,j/wa,k; qτ , qσ) . (5.3)
Each oriented arrow Γ1 ∋ e ∶ a→ b (or e ∶ b→ a) between different nodes (a < b) is associated
to a pair of bifundamental chirals (in fact, one N = 2 bi-fundamental hyper) contributing
with
Υ
(e∶a→b)
bif (wa,wb) = Na∏
j=1
Nb∏
k=1
Γ(ξewb,k/wa,j ; qτ , qσ)
Γ(qτ ξ¯ewb,k/wa,j ; qτ , qσ) ,
Υ
(e∶b→a)
bif (wa,wb) = Na∏
j=1
Nb∏
k=1
Γ(ξ¯−1e wb,k/wa,j ; qτ , qσ)
Γ(qτξ−1e wb,k/wa,j ; qτ , qσ) ,
(5.4)
while each loop arrow Γ1 ∋ e ∶ a → a is associated to a pair of adjoint chirals (in fact, oneN = 2 adjoint hyper) whose contribution is
Υ
(a)
ad (wa) = ∏
1≤j≠k≤Na
Γ(ξawa,j/wa,k; qτ , qσ)
Γ(qτ ξ¯awa,j/wa,k; qτ , qσ) . (5.5)
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These gauge theory data determine the algebra and vice-versa. The fugacities and defor-
mation parameters of the algebra are easily identified
Gauge theory qτ qσ ta wa,j ξe ξe/ξ¯e
Wq,t;q′(Γ) q q′ t = qβ wa,j µe p = qt−1 . (5.6)
Moreover, from the gauge theory perspective there can be FI parameters for each U(1)
factor contributing with
ΥaFI(wa) = Na∏
j=1wκaa,j , (5.7)
and pairs of fundamental/anti-fundamental chirals (in fact, one N = 2 hyper) contributing
with
Υaf (wa) = Na∏
j=1∏f≥1 Γ(wa,j/ξ¯a,f ; qτ , qσ)Γ(qτwa,j/ξa,f ; qτ , qσ) . (5.8)
These additional data will appear on the algebra side when evaluating particular states or
correlators of vertex operators Ha(x∣u) of the type (3.9), and the correspondence is
Gauge theory ξ¯a,f ξ¯a,f /ξa,f κa
Wq,t;q′(Γ) xa,f ua,f αˆa . (5.9)
The only factors which remain to be discussed are the q-constants (3.18). Since the integrals
are computed by residues and the integration contours are chosen to enclose poles for which
wa,j/wa,k ∝ qZ, it turns out that q-constants can actually be pulled out of the integral.
Then we can identify
Bγ(ξ, ξ¯; τ, σ)∝ ⟨α∞∣∏
a
∏
f
Ha(xa,f ∣ua,f) Z∣α⟩ , (5.10)
where (α∞)a = αa + βC[0]ab Nb. The correspondence can actually be extended to the gener-
ating function (2.49), which is identified with the state
Bγ({τa0 , τa}; τ, σ) ≃ Z∣α⟩ ≃ Z({τa0 , τa}) . (5.11)
The holomorphic block/correlator (5.10) then corresponds to the specialization/projection
τan = −∑
f
1 − qnuna,f
1 − qn x−na,f . (5.12)
The Wq,t;q′(Γ) interpretation of the partition (generating) function of special unitary gauge
theories deserves additional comments. For simplicity, let us focus on the single node
theory. From the gauge theory viewpoint, it is useful to integrate over the SU(N) algebra
by considering the U(N) measure with a δ function constraint enforcing the traceless
condition on the generators, for instance
Bγ[U(N)] = ∮
γ
dNw
2piiw
Υ(w; τ, σ) Ð→ Bγ[SU(N)] = ∮
γ
dNw
2piiw
δˆ(∏
j
wj)Υ(w; τ, σ) , (5.13)
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where δˆ(∏j wj) removes one integration and imposes ∏j wj = 1. Because of the relations
(5.10), (5.11), on the Wq,t;q′(Γ) algebra side this means that we are effectively modifying
the Z operator according to
Z = ∮ dNw
2piiw
∏
j
S(wj) Ð→ Zo = ∮ dNw
2piiw
δˆ(∏
j
wj)∏
j
S(wj) , (5.14)
constraining the positions of the screening currents to be not all independent but rather
to lie on the locus ∏j wj = 1. However, from the Wq,t;q′(Γ) perspective this operation may
be not completely straightforward because it raises analytical questions which cannot be
easily addressed through algebraic manipulations only. Here we propose another approach
to SU(N) matrix models. We keep the operator Z untouched, but we evaluate its matrix
elements (with additional insertions, if any)⟨out∣ ⋯ Z∣in⟩ (5.15)
on different states. Usually, the ∣in⟩ and ⟨out∣ Fock states are chosen to be eigenstates of
the momentum operator s0, namely
s0∣α⟩ = α∣α⟩ , ⟨α∣s0 = α⟨α∣ , ∣α⟩ = eαy˜0 ∣0⟩ , ⟨α∣ = ⟨0∣e−αy˜0 . (5.16)
Instead, we can evaluate the matrix elements of Z between eigenstates of the coordinate
operator y˜0, which in ∣α⟩ basis read∣τ0⟩ =∑
α
∣α⟩ e−ατ0 , ⟨α∣τ0⟩ = e−ατ0 , ⟨τ0∣ =∑
α
⟨α∣ eατ0 , ⟨τ0∣α⟩ = eατ0 . (5.17)
Then we are lead to consider the dressed operator
Zo = ∑
α,α′ e
(α′−α)τ0e−α′y˜0 Z eαy˜0 , (5.18)
and its expectation value between ground states. Because of charge conservation, we will
get non-trivial results only when α′ = α + 2βN , implying⟨0∣ ⋯ Zo∣0⟩ = e2βNτ0⟨0∣ ⋯ ∑
α
e−(α+2βN)y˜0 Z eαy˜0 ∣0⟩ . (5.19)
As we know from the computations of subsection 3.1, the state under summation has a
momentum dependence of the form
∮ dNw
2piiw
⋯ (∏
j
wj)α ∣0⟩ , (5.20)
and taking the summation over α ∈ Z we get the following representation of the δ function15
δˆ(∏
j
wj) = ∑
α∈Z(∏j wj)α . (5.21)
It seems that the algebraic properties of special unitary matrix models have not been
studied as much extensively as their unitary cousins in the literature. The approach that
we have outlined here is also applicable to the more conventional rational and trigonometric
models and it deserves further investigations, especially in view of their gauge theory
applications.
15Over periodic functions of X ∼X + 1, w = e2piiX , otherwise we integrate over a continuos momentum.
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5.2 Compact space/modular double matrix model
Due to the equivalence of table (2.44) with (4.11), (4.12) through the dictionaries (5.6),
(5.9) worked out in the previous subsection, it turns out that the gauge theory kernel (2.46)
associated to the compact space M3 ×S1 ≃ [D2 ×T2]∪g [D2 ×T2] can be identified with the
measure (4.20) of the elliptic W gq,t;q′(Γ) matrix model
∆ M3×S1(z, `)∝ Υ(w; τ, σ)(−g)Υ(w; τ, σ) = ∆m.m.(w)(−g)∆m.m.(w) = ∆g(X, `) . (5.22)
The correspondence can actually be extended to the whole generating function/W gq,t;q′(Γ)
matrix model, but in order to establish a precise correspondence with the results reviewed
in section 2 some work is necessary. Indeed, we have not explained how the (. . .)(−g)(. . .)
factorization of the compact space measure can be achieved. In this section we review how
this works for the S3 × S1 geometry, namely the element S′ = STS ∈ SL(2,Z) ⊂ SL(3,Z),
and refer to [54] for the other backgrounds.
Let us start by discussing the bare partition function (2.19), namely the generating function
at τa = 0. In notation of section 2, the S3 × S1 partition function of the theory associated
to the quiver Γ with gauge group G = ⨉aU(Na) reads (up to normalization)
Z[S3 × S1] = ∮
T∣G∣
dz
2piiz
∆S3×S1(z) , (5.23)
where we defined
∆S3×S1(z) = ∆2 vec(z)∆ad(z)∆bif(z)∆FI(z)∆f(z) ,
∆2 vec(z) =∏
a
∏
1≤j≠k≤Na
Γ(ˆtza,j/za,k;p, q)
Γ(za,j/za,k;p, q) , ∆ad(z) =∏a ∏e∶a→a ∏1≤j≠k≤Na Γ(µeza,j/za,k;p, q)Γ(pqµ¯eza,j/za,k;p, q) ,
∆bif(z) =∏
a<b ∏e∶a→b
Na∏
j=1
Nb∏
k=1
Γ(µezb,k/za,j ;p, q)
Γ(pqµ¯ezb,k/za,j ;p, q) ∏e∶b→a
Na∏
j=1
Nb∏
k=1
Γ(µ¯−1e zb,k/za,j ;p, q)
Γ(pqµ−1e zb,k/za,j ;p, q) ,
∆FI(z) =∏
a
Na∏
j=1 zκaa,j , ∆f(z) =∏a ∏f Γ(za,j/µ¯f ;p, q)Γ(pqza,j/µf ;p, q) . (5.24)
The total integrand has the same structure as the half-space kernel Υ(w; τ, σ) considered
in the previous subsection, but it does not look like Υ(w; τ, σ)(−S′)Υ(w; τ, σ) yet. However,
let us recall from section 2 the following parametrization adapted to the S3 × S1 geometry
q = e2piiω1ω3 , p = e2piiω2ω3 , (5.25)
and
za,j = e 2piiω3 Xa,j , tˆ = e 2piiω3 Tˆ , µe = e 2piiω3 Me , µ¯e = e 2piiω3 M¯e , µf = e 2piiω3 Mf , µ¯f = e 2piiω3 M¯f . (5.26)
The advantage of this parametrization is that the S′-gluing corresponds to the exchange
ω1 ↔ ω2 and naturally extends to the ST rS-gluing for L(r,1) × S1. Using the modular
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property (A.10) it is possible to rewrite each elliptic Γ function appearing in the expres-
sions above as the product of two other elliptic Γ functions with transformed parameters.
Applying this identity to the integrand ∆S3×S1(z) and recalling the parametrization (2.45)
qτ = e2pii ωω1 , qσ = e−2piiω3ω1 , (5.27)
we finally arrive at the desired expression
∆S3×S1(z) = e−ipiP3(X)∆S′(X) . (5.28)
The complete parameter identification between ∆S3×S1(z) and ∆S′(X) is also straightfor-
ward and closely follows tables (5.6), (5.9)
Gauge theory q p Tˆ Xa,j Me Me − M¯e M¯a,f M¯a,f −Ma,f κa/ω3
WS
′
q,t;q′(Γ) e2pi ω1ω3 e2pi ω2ω3 βω Xa,j Me ω(1 − β) χa,f Ua,f αˆaω/ω1ω2 .
(5.29)
The only things that are left to discuss are the q-constants (3.18) and, more importantly, the
total cubic polynomial in (5.28). While q-constants can again be pulled out of integration
by using the modular property (A.4) of Θ functions,16 the discussion of the polynomial
terms is more delicate and it is related to the obstruction to the complete factorizability of
the compact space partition function due to mixed-gauge anomalies. Let us denote by #a
the total number of loop arrows e ∈ Γ1 at a ∈ Γ0 and by #a,b the total number of arrows
e ∈ Γ1 connecting a ∈ Γ0 to a different b ∈ Γ0. Then the various contributions to the cubic
polynomial attached to the quiver Γ are (up background terms encoding global anomalies):
• Node at a:
P3(Xa) = 2(1 −#a)Tˆω1ω2ω3 (Na∑j X2a,j − (∑j Xa,j)2) . (5.30)
• Arrows between a and b:
P3(Xa,Xb) = −(#a,b +#b,a)Tˆω1ω2ω3 (Nb∑j X2a,j +Na∑k X2b,k − 2∑j Xa,j∑k Xb,k)+
+ Tˆ
ω1ω2ω3
(#a,b(Tˆ − ω + ω3) + 2 ∑
e∶a→bMe)(Nb∑j Xa,j −Na∑k Xb,k)+
− Tˆ
ω1ω2ω3
(#b,a(Tˆ − ω − ω3) + 2 ∑
e∶b→aMe)(Nb∑j Xa,j −Na∑k Xb,k) . (5.31)
16In fact, q-constants are ambiguous in block integrals but disappear on the compact space.
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• Fundamentals at a:
P3(Xa) = ∑f(Ma,f − ω) −∑f M¯a,fω1ω2ω3 ∑j X2a,j+
− (∑f(Ma,f − ω) −∑f M¯a,f)(∑f(Ma,f − ω3) + M¯a,f)
ω1ω2ω3
∑
j
Xa,j . (5.32)
These polynomials encode the various mixed-gauge anomalies and must vanish in order to
have a sensible quantum theory. Since
#a = 1 − C[0]aa
2
, #a,b +#b,a = −C[0]ab , a ≠ b , (5.33)
by looking at the bi-fundamental contribution for generic values of the parameters we
conclude that we must have either
∑
j
Xa,j = 0 , or C[0]ab = 0 , a ≠ b . (5.34)
These conditions are met by unitary disconnected quivers and special unitary quivers.
Unitary gauge groups.
In this case we can focus on the single node G = U(Na) theory. Further restrictions come
from the vanishing of the quadratic terms
TˆC[0]aa (Na∑
j
X2a,j − (∑
j
Xa,j)2) + (∑
f
(Ma,f − ω) −∑
f
M¯a,f)∑
j
X2a,j = 0 , (5.35)
which requires
#a = 1 , ∑
f
(Ma,f − ω) −∑
f
M¯a,f = 0 . (5.36)
This example is therefore associated to the elliptic algebra with quiver Γ = Aˆ1.
If the theory is N = 1 with an R-symmetry we can parametrize the fugacities according to
Ma,f = ω
2
R +Aa,f , M¯a,f = −ω
2
R − A¯a,f , (5.37)
where we assigned R-charge R to all the chiral multiplets and denoted by Aa,f , A¯a,f ad-
ditional flavor fugacities, with f = 1, . . . ,Na,f . After imposing the traceless condition∑f(Aa,f + A¯a,f) = 0 we get the R-charge assignment R = 1. The theory with no fun-
damentals has the matter content of the N = 2∗ theory.
Special unitary groups.
The traceless condition ∑jXa,j = 0 simplifies the total contribution to node a imposing the
balancing condition
Tˆ∑
b
C
[0]
ab Nb +∑
f
(Ma,f − ω) −∑
f
M¯a,f = 0 . (5.38)
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For N = 1 theories with an R-symmetry we can parametrize the fugacities as in the previous
example and impose the traceless condition ∑f(Aa,f + A¯a,f) = 0. A particularly interesting
example is provided by the SQCD, in which case we have a single node SU(Na) gauge
group without any loop arrow, namely Γ = A1, and without the adjoint chiral in the
would-be N = 2 vector multiplet. As noted in [85] (see also [53]), one can integrate out the
adjoint chiral by turning on a superpotential mass term, corresponding to the specialization
Tˆ = ω/2 in the index. In this case one gets the R-charge assignment
R = Na,f −Na
Na,f
, (5.39)
which in the conformal case 2Na = Na,f (see below) correctly yields R = 1/2.
For honest N = 2 theories the pairs of fundamental and anti-fundamental chiral multiplets
must form actual hypers, and hence we have to specialize the fugacities according to
Ma,f = ω
2
− Tˆ
2
+Aa,f , M¯a,f = −ω
2
+ Tˆ
2
+Aa,f , (5.40)
recovering the anomaly free condition for the (conformal) quiver Γ [86]
∑
b
C
[0]
ab Nb = Na,f . (5.41)
6 Summary and conclusions
In this paper we have studied the modular double version of the elliptic Wq,t;q′(Γ) algebras
of [38] and their appearance in 4d supersymmetric gauge theories. These algebras were
introduced to describe, in the spirit of the BPS/CFT correspondence, R4 × T2 Nekrasov
partition functions of supersymmetric Γ quiver unitary gauge theories as Wq,t;q′(Γ) corre-
lators involving infinitely many screening currents. In this paper we have instead focused
on the case when there are only finitely many insertions, in which case the most generic
observable (the generating function) has the form of an ordinary matrix model. The very
same type of matrix model arises when computing for instance the S3×S1 partition function
(index) of 4d supersymmetric gauge theories, and hence we expect that elliptic Wq,t;q′(Γ)
algebras will be useful for studying those theories and the parent 6d theories on compact
spaces such as S5 × S1 or S4 × T2 [87–90], the 4d theories being particular codimension
2 defects. The S5 case is currently under investigation. A particularly interesting setup
which may be studied through Wq,t;q′(Γ) techniques is provided by the theories arising
from doubly compactified toric Calabi-Yau 3-folds [91–93], whose partition functions may
correspond to torus correlators of elliptic Wq,t;q′(An) algebras (see appendix B for further
comments, torus correlators of Wq,t(Γ) algebras and the relation with the present work).
Another direction worth studying is the connection of the present work with the index of
class S theories, which is known to have a dual 2d TQFT description [94]. Since we can
access at least a subset of those theories using elliptic Wq,t,q′(Γ) algebra techniques, we
expect to find interesting relations between the elliptic modular double, the 2d TQFT the
and related elliptic integrable systems [67].
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A Special functions
We summarize the special functions and their properties used throughout the paper, for
details we refer to [95] and to [96] for a review with applications to gauge theories and
integrable systems. The (multiple) q-Pochhammer symbol is defined by
(x; q1, . . . , qN)∞ = exp(−∑
n>0
xn
n∏Nk=1(1 − qnk )) = ∏n1,...,nN≥0(1 − xqn11 ⋯qnNN ) . (A.1)
In the last expression ∣qk∣ < 1 is assumed, but it can be extended to ∣qk∣ > 1 by replacing
(x; q)∞ → 1(q−1x; q−1)∞ . (A.2)
The Θ function is defined by
Θ(x; q) = (x; q)∞(qx−1; q)∞ . (A.3)
The modular properties we are interested in are
Θ(e 2piiω1 X ; e2pii ωω1 )Θ(e 2piiω2 X ; e2pii ωω2 ) = e−ipiB22(X ∣ω) , (A.4)
and more generally
Θ(e2piiXe 2pii`r ; e2pii)Θ(e 2piiXr−1 e− 2pii`r ; e 2piir−1 ) = e ipir `(r−`)e−ipi(B22(X ∣1,)+B22(1+ Xr−1 ∣1, r−1 )) ,
(A.5)
for r ∈ Z, ` ∈ Zr, and
Θ(q− `2x; q)Θ(q `2x; q−1) = (−x)`+1 , (A.6)
for ` ∈ Z. Here B22(X ∣ω) is the quadratic Bernoulli polynomial
B22(X ∣ω) = 1
ω1ω2
((X − ω
2
)2 − ω21 + ω22
12
) , ω = ω1 + ω2 . (A.7)
The elliptic Γ function is defined by
Γ(x;p, q) = (pqx−1;p, q)∞(x;p, q)∞ . (A.8)
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The elliptic Γ function has a very non-trivial behaviour under modular transformations
[97] (Im(ωj/ωk) ≠ 0 is assumed)
Γ(e 2piiω1 X ; e2piiω2ω1 , e2piiω3ω1 )Γ(e 2piiω2 X ; e2piiω1ω2 , e2piiω3ω2 )Γ(e 2piiω3 X ; e2piiω1ω3 , e2piiω2ω3 ) = e− ipi3 B33(X ∣ω) ,
(A.9)
or
Γ(e 2piiω3 X;e2piiω1ω3 , e2piiω2ω3 )=e ipi3 B33(X ∣ω1,ω2,−ω3)Γ(e 2piiω1 X;e2piiω2ω1 , e−2piiω3ω1 )Γ(e 2piiω2 X;e2piiω1ω2 , e−2piiω3ω2 ) ,
(A.10)
where B33(X ∣ω) is the cubic Bernoulli polynomial
B33(X ∣ω) = 1
ω1ω2ω3
(X − ω
2
− ω3
2
)((X − ω
2
)2 − ω3 (X − ω
2
) − ω21 + ω22
4
) . (A.11)
B Torus correlators of trigonometric Wq,t algebras
Elliptic Wq,t;q′(Γ) algebras have a smooth limit to trigonometric Wq,t(Γ) algebras [24]
when the elliptic parameter q′ goes to zero. In analogy with the elliptic case that we have
discussed in this work, the generators of Wq,t(Γ) can be defined as the commutant (up to
total differences) of the trigonometric screening currents
Satrig(w) = ∶ e∑n≠0 sa,nw−n ∶ wsa,0es˜a,0 (B.1)
in the trigonometric Heisenberg algebra generated by
[sa,n, sb,m] = − 1 − t−n
n(1 − q−n)C[n]ab δn+m,0 , n,m ∈ Z/{0} , [sa,0, s˜b,0] = βC[0]ab . (B.2)
As we have mentioned in the introduction, to any trigonometric Wq,t(Γ) algebra one can
associate a 3d N = 2 unitary quiver gauge theory and there is a dictionary between ob-
servables on the two sides. This is the trigonometric/3d limit of what we have discussed
in the present paper. So far, most of the existing examples are given for sphere correlators
of Wq,t(Γ) vertex operators on the one hand, and gauge theory partition functions on 3-
manifolds M3 on the other hand. Interestingly, torus correlators in trigonometric Wq,t(Γ)
algebras correspond to sphere correlators in elliptic Wq,t;q′(Γ) algebras, and hence observ-
ables in the lifted gauge theory on M3 ×S1. The trace operation in the torus correlator is
associated with the additional tower of KK modes. The computation of the S3 × S1 parti-
tion function of 4d N = 1 gauge theories from a tower of 3d theories on S3 was considered
in [61] (see also [98–101]). In this section we will discuss the algebraic side of this relation.
For simplicity we will work with standard Wq,t(Γ) algebras, but the results will go through
the modular double construction. Let us introduce a grading operator L0 which satisfies
[L0, sa,n] = −nsa,n , (B.3)
and let us try to compute the torus correlator
χα(O) = TrFα (q′L0O) , (B.4)
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where O is some operator written in terms of the non-zero modes of the Heisenberg algebra.
The trace is taken over the entire Fock space. The Clavelli-Shapiro trace technique [102]
tells us that we can equivalently compute (up to a q′-dependent constant)
χα(O) = ⟨α∣Oˆ∣α⟩ , (B.5)
where Oˆ is the elliptic version of the operator O, namely the former is obtained from the
latter through the substitution
sa,n → aa,n
1 − q′n + ba,−n , sa,−n → aa,−n − ba,n1 − q′−n , n > 0 , (B.6)
where the oscillators aa,n,ba,n satisfy the trigonometric Heisenberg algebra (B.2) and com-
mute with each other. We can now identify the oscillators
s(+)a,n = aa,n1 − q′n , s(+)a,−n = aa,−n , s(−)a,n = − ba,n1 − q′−n , s(−)a,−n = ba,−n , n > 0 , (B.7)
which indeed satisfy the elliptic Heisenberg algebra (3.2), and write the desired result
⟨α∞∣ ⋯ Z∣α⟩ = TrFα ⎛⎝eln q′L0−∑a s˜0,aNa ⋯ ∮ dw2piiw ∣Γ0∣∏a=1
Na∏
j=1Satrig(wa,j)⎞⎠ , (B.8)
where (α∞)a = αa +βC[0]ab Nb to ensure momentum conservation and the dots represent the
insertion of additional vertex operators of the type (3.9).
This kind of relation between trigonometric and elliptic algebras is also related to the
fiber/base duality in the context of 5d or 6d theories [103] arising from toric Calabi-Yau
3-folds with a periodic direction. In one case the periodic direction is identified with the
presence of additional adjoint matter, in the dual picture it is identified with an additional
space-time direction. It is worth noting that this relation does not imply that all the
elliptic Wq,t;q′(Γ) algebra observables can be recast in terms of the Wq,t(Γ) algebra ones,
for instance operators involving s
(+)
n,a and s
(−)
n,a asymmetrically, or torus correlators in elliptic
Wq,t;q′(Γ) algebras. Moreover, the fact that the elliptic deformation leads to a well-defined
associative algebra seems to be a non-trivial fact.
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